Abstract. The volume density of a hyperbolic link K is defined to be the ratio of the hyperbolic volume of K to the crossing number of K. We show that there are sequences of non-alternating links with volume density approaching v 8 , where v 8 is the volume of the ideal hyperbolic octahedron. We show that the set of volume densities is dense in [0, v 8 ]. The determinant density of a link K is [2π log det(K)]/c(K). We prove that the closure of the set of determinant densities contains the set [0, v 8 ].
Introduction
Recent work in knot theory has studied the relationship between the hyperbolic volume of a knot or link and invariants of a knot or link that can be read from a diagram. See for example [7] , [8] , [9] , [10] , [12] , and references therein. Recent work of Champanerkar, Kofman, and Purcell ( [3] , [4] , and [5] ) investigated a relationship between the volume of a knot, its determinant, and its crossing number. In this paper we continue to explore this relationship. We begin with the following invariant. Definition 1.1. Given a hyperbolic link K, let vol(K) be its hyperbolic volume, and let c(K) be the crossing number of K. The volume density of K is defined to be
Thurston [15] showed that d vol (K) ≤ v 8 for all knots K, where v 8 ≈ 3.66286 is the volume of the regular ideal hyperbolic octahedron. This was done by decomposing S 3 \K into octahedra, placing one octahedron at each crossing, and pulling the remaining vertices to ±∞. Adams [1] showed that vol(K) ≤ (c(K) − 5)v 8 + 4v 3 for any link having c(K) ≥ 5, where v 3 ≈ 1.01494 is the volume of the ideal hyperbolic tetrahedron. Therefore v 8 is a strict upper bound for the volume density of any finite link.
Champanerkar, Kofman, and Purcell [4] showed that the upper bound of v 8 on volume density is asymptotically sharp. More precisely, there exist sequences of links {K n } ∞ n=0 such that lim
(see Theorem 2.3). Such sequences of links are called geometrically maximal. The authors of [4] produce examples of geometrically maximal sequences of links by constructing links approaching the infinite weave W, the infinite alternating link with the square lattice projection depicted in Figure  1 .1. All the links in the examples constructed were alternating, and do not contain a cycle of tangles (see Definition 2.2). The first purpose of this paper is to show that there exist geometrically maximal sequences of links having a cycle of tangles (see Theorem 3.1). We then use this to prove Theorem 3.3 which states that there exist geometrically maximal sequences of non-alternating links.
Let C vol = {vol(K)/c(K) : K is a hyperbolic link} ⊆ R and let Spec vol be the set of limit points of C vol . We call Spec vol the spectrum of volume densities. A question that arose in [4] was how one may describe the sets C vol and Spec vol . (See also [3] for discussion and related questions.) In particular, what numbers occur as volume densities? Since v 8 forms an upper bound on volume density, it is clear that C vol and Spec vol are subsets of [0, v 8 ]. The existence of geometrically maximal knots implies that v 8 ∈ Spec vol . In Lemma 4.1, we describe geometrically minimal sequences of links, i.e. those with volume density approaching 0. Hence 0 ∈ Spec vol . It was shown by Champanerkar, Kofman, and Purcell in [5] that 2v 3 ∈ Spec vol . We are able to prove the following theorem, which will be restated in Theorem 4.3. 
Another invariant that was studied in [3] and [4] was the determinant density, d det (K) of a link K, which is defined by the equation [4] that there are sequences {K n } ∞ n=1 of links such that lim n→∞ d det (K n ) = v 8 (see Theorem 2.4 of this paper). We define C det = {d det(K) : K is a (not necessarily hyperbolic) link} ⊆ R and define Spec vol to be the set of limit points of C det . We call Spec det the spectrum of determinant densities.
It 
In [3] and [4] it is shown that 0, v 8 ∈ Spec vol ∩ Spec det , and the authors ask what this intersection is. As a corollary of Theorems 1.2 and 1.3 we obtain:
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2. Background 2.1. Geometrically Maximal and Diagrammatically Maximal Links. In this subsection we recall definitions and results from [4] . Given a link K ⊂ R 3 ∪ {∞} we define the projection graph G(K) to be the projection of K onto the subset (R 2 × {0}) ∪ {∞}. This resulsts in a 4-valent graph in
Definition 2.1. Let G be a possibly infinite graph. For any finite subgraph H, let ∂H be the set of vertices of H that share an edge with a vertex not in H. Let | · | denote the number of vertices in a finite graph. An exhaustive nested sequence of finite, connected subgraphs {H n ⊆ G :
The graph G is amenable if a Følner sequence for G exists. In particular, the infinite square lattice (i.e. the projection graph of W) is amenable.
Given a link K in S 3 , a Conway sphere is a 2-sphere S 2 in S 3 intersecting K transversely in four points. Using Conway spheres, we will define a cycle of tangles, which is an important definition for the statement of Theorem 2.3. Definition 2.2. A Conway sphere is called visible if it is parallel to one dividing the diagram into two tangles, as in Figure 2 .1. A tangle is called knotty if it is nontrivial, and not a (portion of a) single twist region; i.e. not a rational tangle of type n or 1/n for n ∈ Z. We will say that K n contains a cycle of tangles if K n contains a visible Conway sphere with a knotty tangle on each side.
The following theorem was proved by Champanerkar, Kofman, and Purcell [4, Theorem 1.4]. Theorem 2.3. Let {K n } ∞ n=0 be a sequence of links with prime, alternating, twist-reduced diagrams that contain no cycle of tangles, such that (1) there are subgraphs G n ⊆ G(K n ) that form a Følner sequence for G(W), and
is geometrically maximal. The following theorem, proved in [4, Theorem 1.5], gives a similar statement for diagrammatically maximal links.
be a sequence of alternating link diagrams such that (1) there are subgraphs G n ⊆ G(K n ) that form a Følner sequence for G(W), and Note that the cycle of tangles condition is not necessary in the construction of diagrammatically maximal links. This is one reason motivating Theorem 3.1, which states that there are geometrically maximal sequences of links containing a cycle of tangles. Given two tangles T 1 and T 2 such that B(T 1 ) and B(T 2 ) are hyperbolic, one may form the belted sum of B(T 1 ) and B(T 2 ) as follows. Let M i be the link complement S 3 \B(T i ), for i = 1, 2. Work of Adams [2] shows that the belt component C i of T i bounds a totally geodesic, twice-punctured disk in M i . Cut each M i along this twice-punctured disk to form a manifold M i . Since there is a unique hyperbolic structure on the twice-punctured disk, we may glue M 1 to M 2 via an isometry of twice-punctured disks
The belted sum of two tangles. In addition to the belted sum of tangles, we can sum tangles in the manner described below. Definition 2.6. Let T 1 and T 2 be tangle diagrams. One may connect these tangle diagrams as indicated in Figure 2 .4 to form the tangle T 1 + T 2 . We call T 1 + T 2 the tangle sum, or Conway sum of T 1 and T 2 .
Lemma 2.5 showed that volume is additive under belted sums of tangles. Similarly, we have the following lemma describing the determinant of a Conway sum of tangles.
Lemma 2.7. Let T 1 , . . . , T n be tangles and let
Proof. We prove the case n = 2, and the result then follows by induction. By [11, Theorem 4.9] ,
We now recall a result of Futer, Kalfagianni, and Purcell [9] which will play an important role in the proofs of Theorems 3.1, 3.3, and 4.3. We begin with the following definition. A tangle T is an east-west twist if N (T ) is the standard diagram of a (2, q)-torus link. To simplify notation throughout, we define ξ n as follows:
Note that lim n→∞ ξ n = 1. We now state the following theorem which follows directly from the proof of [9,
Theorem 2.8. Let T 1 , . . . , T n , n ≥ 12, be tangles admitting prime, alternating diagrams, none of which is an east-west twist. Let K be a knot or link which can be written as the closure of the Conway sum
We record here the following well-known theorem of W. We will use the following theorem, which may be found in [7, Corollary 3 .21] to show that a link diagram is prime.
Theorem 2.11. Suppose that K is a non-split, prime link. Then every adequate diagram of K without nugatory crossings is prime.
The following proposition gives a way to show that a link is non-alternating. We will use this in the proof of Theorem 3.3 where we show that there exist geometrically maximal sequences of non-alternating links.
Proposition 2.12. Let L be a link and D a diagram for L having n crossings. Let breadth(L) be the breadth of the Jones polynomial for L, in other words, the difference between the maximal and minimal degrees of the Jones polynomial for L.
(1) If D is reduced and alternating, then D is adequate. Proof. Proofs of parts (1) (2) of the proposition. Let n be the number of crossings in D 1 (or D 2 ). Since D 1 is nonalternating, part (4) of the proposition implies breadth(L) < n. On the other hand, since D 2 is reduced and alternating, part (3) implies that breadth(L) = n, a contradiction. Definition 2.13. A tangle diagram T is adequate if the diagrams of both N (T ) and D(T ) are adequate. In the event that both closures produce reduced, alternating diagrams, the tangle T is said to be strongly alternating. A strongly alternating tangle is adequate.
Proposition 2.14. The tangle sum of n adequate tangles is adequate for n ≥ 2.
Proof. It follows from work of Lickorish and Thistlethwaite [14, Proposition 4] that the tangle sum of two adequate tangles is adequate. The proposition readily follows by induction on n.
We close this section with the following corollary showing that crossing number of adequate tangles is additive. This plays a key role in the proof of Theorems 1.2 and 1.3. Corollary 2.15. Let T 1 , . . . , T n be adequate tangle diagrams and let c(N (T i )) be the crossing number of the closure for i = 1, . . . n. Let T 1 + . . . + T n be the tangle sum. Then the crossing numbers satisfy
Proof. The natural diagram representing the link N (T 1 + . . . + T n ) as a Conway sum has c (N (T 1 )) + . . . + c(N (T n )) crossings. Since T 1 , . . . , T n are adequate, we know that N (T 1 + . . . + T n ) is adequate by Proposition 2.14. Note that an adequate diagram of a link has the minimal number of crossings by Proposition 2.12. Therefore c (N (T 1 
Non-alternating Geometrically Maximal Knots
We now address the question of whether all the conditions in Theorem 2.3 are necessary. We begin with a construction of geometrically maximal sequence of links for which each link contains a cycle of tangles.
be a sequence of knotty tangles admitting prime, alternating diagrams, none of which is an east-west twist. Let K i = N (T i ) for all i. Suppose that each K i is hyperbolic and that the sequence
is geometrically maximal. For each n ∈ N, let T (n) be the Conway sum of n copies of T n , and define K(n) = N (T (n)). Then K(n) is hyperbolic whenever n ≥ 12, and the sequence {K(n)} ∞ n=1 is a geometrically maximal sequence of links, all but one of which contains a cycle of tangles. Proof. By construction, whenever n ≥ 2, we have that K(n) contains a cycle of tangles. Moreover, whenever n ≥ 12 we have from Theorem 2.3 that K(n) is hyperbolic. We now show that the sequence {K(n)} ∞ n=1 is geometrically maximal. Let L i = B(T i ), the belted link corresponding to L i , and for each n ∈ N let L(n) be the belted sum of n copies of L n . By Theorem 2.8 we have that vol(K(n)) ≥ ξ n vol(L(n)) where ξ n was defined in (2.1). We obtain
Observe that c(K(n)) ≤ n c(K n ) since the natural diagram demonstrating K(n) as a Conway sum has n c(K n ) crossings. Therefore
Note that lim n→∞ ξ n = 1. Since {K n } ∞ n=1 is geometrically maximal, we know that
hence by (3.2) we obtain W n,n W n,n W n,n W n,n W n,n W n,n Figure 3 .2. The link K(n) for the proof of Theorem 3.3. It contains n copies of W n,n and n copies of W n,n .
implying {K(n)} ∞ n=1 is geometrically maximal.
We can use a method similar to the proof of Theorem 3.1 to prove that there exist geometrically maximal sequences of non-alternating links. We will construct a specific example of such a sequence. We begin by considering a family of weaving tangles in Definition 3.2. By taking a Conway sum of these weaving tangles and their reflections (i.e. the result of changing all the over-crossings to under-crossings and vice versa), we will obtain a geometrically maximal sequence of non-alternating links. Proof. Let W k,k be the weaving tangle and let W k,k be its reflection, i.e. the result of changing each over-crossing to an under-crossing and vice versa. For n ≥ 1 define K(n) = N (W n,n + W n,n + . . . + W n,n + W n,n ) to be the closure of the Conway sum of n copies of W n,n with n copies of W n,n as indicated in Figure  3 .2. Let K n = N (W n,n ) and K n = N (W n,n ), and L n = B(W n,n ) and L n = B(W n,n ).
We prove that the sequence {K(n)} ∞ n=1 is geometrically maximal. First, observe that when n ≥ 6, Theorem 2.8 implies that K(n) is hyperbolic. Let
be the belted sum of n copies of B(W n,n ) with n copies of B(W n,n ). Similar to the proof of Theorem 3.1 we have
by Theorem 2.9 (3.3)
Since K n and K n are reduced and alternating, by counting the number of crossings in Figure 3 .1 and using Proposition 2.12, we find that c(K n ) = c(K n ) = n(n − 1). Now the diagram of K(n) depicted in Figure 3 .2 has 2n
Both K n and K n are geometrically maximal by Theorem 2.3, so lim
We show that K(n) is non-alternating. Let D be the diagram shown in Figure 3 .2. Observe that D is non-alternating. Since W k,k and W k,k are strongly alternating (hence adequate) tangle diagrams, Proposition 2.14 implies that D is adequate. Since an adequate diagram has the minimal number of crossings, there are no nugatory crossings in D. An adequate (hence minimal crossing) diagram of a split link must also be split. Since D is non-split, it follows that K(n) is non-split. Now K(n) is hyperbolic when n ≥ 6, as noted above. Therefore K(n) is a prime link. It now follows from Theorem 2.11 that the diagram D is prime. Proposition 2.12 now implies that K(n) is non-alternating.
Remark : The sequence of links {K(n)} 
The Spectrum of Volume Densities
We now turn to the proof that the set of volume densities is dense in [0, v 8 ]. In Lemma 4.1, we prove the existence of tangles whose closures form a geometrically minimal sequence of links, i.e. a sequence links with volume density approaching 0. On the other hand, Lemma 4.2 produces a sequence of tangles whose closures form a geometrically maximal sequence of links.
The idea of the proof of Theorem 4.3 is to combine geometrically maximal tangles with geometrically minimal tangles via Conway sum. Key to the proof is the fact that hyperbolic volume is additive under belted sum (see Lemma 2.5) , and that the crossing number of adequate tangles is additive under Conway sum (see Corollary 2.15). The ratio of geometrically maximal to geometrically minimal tangles may then be controlled so that one may find a sequence of links with volume density approaching any number in the interval [0, v 8 ]. Proof. Let P ,m,n be the pretzel tangle shown in Figure 4 .1. It is well-known that many pretzel links are hyperbolic. For example, whenever , m, n ≥ 7, work of Futer, Kalfagianni, and Purcell [8, Theorem 1.2] implies that N (P ,m,n ) is hyperbolic. Moreover, P ,m,n is strongly alternating whenever , m, and n ≥ 2. Fix ≥ 7 and n ≥ 7 and let K m = N (P ,m,n ). By work of Lackenby, Agol, and D. Thurston [12] , we know that vol(K m ) ≤ 10v 3 (tw(K m ) − 1), where tw(K m ) is the number of twist regions in a diagram of K m . In particular, tw(K m ) = 3 for all values of m so vol(K m ) ≤ 20v 3 . It follows that
There exists a sequence of strongly alternating (hence adequate) tangles
Proof. Consider the weaving tangles W m,n from Definition 3.2 and depicted in Figure 3 .1. Let T n = W n,n . It was shown in [4, Theorem 1.9] that {N (T n )} ∞ n=1 is a geometrically maximal sequence of links. Note that N (T n ) and D(T n ) have reduced, alternating diagrams, whenever n ≥ 4.
We have established examples of geometrically minimal and geometrically maximal sequences of adequate links. We now use these to prove the following theorem, which is identical to Theorem 1.2. Proof. It suffices to show that for any non-negative integers a and b with a and b not both zero, and any > 0, there exists a link K such that
Let > 0 be arbitrary. Let P ,m,n be the pretzel tangles from Lemma 4.1. Let T 1 = P 7, m,7 and
, where m is chosen to be large enough that
In Lemma 4.2, it was pointed out that the sequence of links
, where W k,k is the weaving tangle, is a geometrically maximal sequence of links. Therefore we may choose T 2 = W k,k and K 2 = N (T 2 ) with k sufficiently large that
Since K 1 and K 2 have reduced alternating diagrams, by counting the number of crossings in these diagrams, we see that
. This choice of m implies that
Observe that m ≥ m, tw(K 1 ) = 3 and c(K 1 ) = m + 14, so (4.1) guarantees that
Choose n ≥ 12 so that ξ n as defined in (2.1) satisfies
Since 0 < ξ n < 1, we need to check that such a choice of n is possible. Since a, b, v 8 , and are positive we know that
Moreover, as long as
and L 2 = B(T 2 ) be the belted links corresponding to T 1 and T 2 respectively. Form the link L by taking the belted sum of a · n copies of L 1 with b · n copies of L 2 . Let K be the result of filling the belt of L via the meridional Dehn filling. Note that K is simply the result of taking the closure of the tangle sum of a · n copies of T 1 with b · n copies of T 2 as shown in Figure 4 .2. We obtain
by Lemma 2.5 (4.8)
by Theorem 2.9 (4.9)
Since T 1 and T 2 are strongly alternating tangles, it follows from Corollary 2.15 that
This produces the following inequalities to form a lower bound for the density d vol (K).
by (4.2) and (4.6) Which after some algebra simplifies to
We now find an upper bound for d vol (K). Since K is obtained from L by Dehn filling, Theorem 2.9 implies that vol(K) < vol(L). Moreover, Lemma 2.5 implies that vol
It was shown by Lackenby, Agol, and D. Thurston [12] 
Consider the diagrams of L 1 and K 1 . Adding the belt circle to K 1 to form L 1 adds no more than two twist regions, as indicated in Figure 4 .
Define L n 2 to be the belted sum of n copies of L 2 and let K 
Since v 8 forms an upper bound on volume density, we know that vol(K
is the closure of the sum of n copies of T 2 as indicated above.
The diagram for K n 2 shown in Figure 4 .4 has n · c(K 2 ) crossings. Therefore c(K
Summarizing (4.13), (4.14), and (4.15) we see that
This allows us to produce an upper bound on the volume density d(K) as follows.
by (4.10)
by (4.12) and (4.16)
as desired.
The Spectrum of Determinant Densities
We now turn to studying the spectrum of determinant densities. The proof that Spec det contains [0, v 8 ] will follow a similar method as the proof of Theorem 4.3. Namely, we note that there exist sequences of diagrammatically maximal links with determinant density approaching v 8 , and there exist sequences of diagrammatically minimal links, i.e. those with determinant density near 0. We combine these diagrams via Conway sum, but instead of taking the "N " closure as in the proof of Theorem 4.3, we consider the "D" closure. We will then use the facts that log det is additive under the "D" closure of Conway sums (see Lemma 2.7), and that the crossing number is additive under Conway sums of adequate diagrams (see Corollary 2.15). Then by controlling the ratio of diagrammatically minimal links to diagrammatically maximal links, we may obtain a link that has determinant density near any number x ∈ [0, v 8 ]. Having now established examples of diagrammatically minimal and diagrammatically maximal sequences of links, we can now prove the following theorem, which is identical to Theorem 1.3. Let T be the tangle sum of a copies of T 1 with b copies of T 2 , and let K = D(T ) (see Figure 5 .1). Then by Lemma 2.7 we have that det(K) = (det K 1 ) a (det K 2 ) b . Since T 1 and T 2 are strongly alternating tangles, we know from Corollary 2.15 that c(K) = a · c(K 1 ) + b · c(K 2 ). Therefore, we obtain the following equalities: 
